Given an irrational number α and a sequence B of coprime positive integers with the sum of inverses convergent, we investigate the problem of finding small values of nα (mod 1), with n B-free.
Introduction
A classical result of Dirichlet on rational approximation of real numbers states that for any real number α and any positive integer N , there exists a rational number a/q, with 1 q N , such that
Another way to state this result is as follows. For any real number t, let t denote the distance from t to the nearest integer. Then, for any real number α, and any positive integer N , there exists an integer n, with 1 n N , such that
Many authors have considered the question of what happens if n is restricted to some special set. Such questions have an intrinsic interest, but may also arise when considering other number-theoretic problems. For example, on the left side of (1.2) one may impose the condition on n to be a square, or a higher power, and there is an extensive literature on these and related problems (see Schmidt [23] , Baker [5] , and [28] for a more recent result). There has also been much interest in imposing multiplicative constraints on n. For example, in the case of Diophantine approximation with primes, Heath-Brown and Jia [18] proved that for any τ < 16 49 one has
for infinitely many primes p. The history of this problem can also be found in [18] . In the case of square-free numbers, Heath-Brown [17] proved that for any irrational number α and any θ < 2 3 , there are infinitely many square-free integers m and n such that |nα − m| 1 n θ .
His method was based on a result from the geometry of numbers, in combination with the square-sieve [16] . We remark that for most real numbers α, the best approximants to α tend to have almost square-free denominators. In the process of studying the local spacing distribution of n 2 α (mod 1), Rudnick, Sarnak, and one of the authors proved the following metric result (see [21, It was also shown in [21, Appendix A2] that an analog of this result holds true for any algebraic α if one assumes the ABC Conjecture of Masser and Oésterle.
The notion of a B-free number, introduced by Erdös in [9] , generalizes that of a squarefree number. Given a sequence B of positive integers 1 < b 1 
and (b k , b j ) = 1 for k = j , a number n is called B-free provided that no element b k of B divides n. Various results on the distribution of B-free numbers in short intervals have been obtained by Szemerédi [25] , Bantle and Grupp [7] , Wu [27] , Zhai [29] , Sargos and Wu [22] , and more recently in [3] . In the case of square-free numbers, the best unconditional short interval result is due to Filaseta and Trifonov [11] , who proved that there is a square-free number in any interval of form [x, x + x 1/5+ ] for any > 0 and x large enough. Conditionally (assuming the ABC Conjecture), Granville [12] proved that there is a square-free number in any interval of form [x, x + x ] for any > 0 and x large enough in terms of . B-free numbers also have nice applications to the problem of nonvanishing of Fourier coefficients of modular forms. In his seminal paper [24] , Serre initiated the study of estimating the size of possible gaps in the Fourier expansion of modular forms. In this direction, using among other things the distribution of B-free numbers, short interval results on the nonvanishing of Fourier coefficients of modular forms without complex multiplication have been proved by Balog and Ono [6] . Further results have been obtained in [1, 2, 4] .
In the present paper we consider Diophantine inequalities involving nα where n is restricted to be B-free, or almost B-free, for a given sequence B as above. First note that if α = 1 2 and 2 ∈ B, then any B-free number is odd, and so nα = is false. This being the case, we can only hope to prove that nα is small infinitely often with n B-free. It turns out to be no harder to consider the more general inhomogeneous problem of making nα + β small, and our method also delivers numbers of a special shape as we now state.
Theorem 1.
For any irrational number α, any sequence B of positive integers as in ( 1.3), any β ∈ R, and any > 0, one has
for infinitely many B-free positive integers n having exactly two prime factors. Moreover, if α is a quadratic irrational we can replace (1.6) with
where C(α) is a constant depending on α only.
Here we expect that a stronger result holds true.
Conjecture 1. For any irrational number α, any sequence B of positive integers as in (1.3),
and any > 0, one has
for infinitely many B-free positive integers n.
Since the B-free numbers have positive density, as
one may be tempted to conjecture that (1.8) can be improved to
for infinitely many n, where C(B, α) is a positive constant depending on B and α. The next theorem, which has some similarity to a result proved by one of the authors in [14] , shows that this is not the case. for all large enough B-free n.
The method of proof for Theorem 1 has further applications as we now show. We consider Diophantine approximation by rational numbers with denominators belonging to a multiplier closed set C, that is, a set C of positive integers with the property that for any m, n ∈ C one has mn ∈ C. for all sufficiently large x. Then there is a constant K depending only on η such that for any irrational number α and any real number β there are infinitely many n in C satisfying the inequality
We remark that one can replace (1.11) with weaker statements, such as
and there will be a corresponding weakening of (1.12).
Finally we consider metric results. We note that, given a sequence B of positive integers as in (1.3), if we denote by B the set of positive integers which can be written as a product of elements from B, then it is easy to see that the sum of inverses of elements from B is convergent. Now, if one allows numbers n that are not necessarily B-free, but are almost B-free, by analogy with almost square-free numbers that appear in [ 
Proof. This follows from a result due to Duffin and Schaeffer [8] , see [15, Chapter 2] , using the fact that B-free numbers have positive density. 2
Proof of Theorems 1 and 3
The idea for the proof may be found in [13, pp. 34, 35] . Indeed, the proof of Theorem 1 in the case of quadratic α is almost identical to the proof given there. We shall consider the case of quadratic α first. For the present let N, M be large positive parameters related by
We will consider n = p 1 p 2 where 
for all large N . We thus have a positive proportion of the primes in the respective intervals belonging to A 1 and A 2 . Since α is quadratic, for any of the infinitely many N under consideration, there exists a convergent a/q to α with 2M < q < C M, where C depends on α.
The following result converts a problem in Diophantine approximation to a question of estimating exponential sums. Lemma 1. Let L, J ∈ N and suppose that x j L −1 (j = 1, . . . , J ) for a real sequence
Proof. This is [5, Theorem 2.2]. 2
By Lemma 1, to show that there is a solution to
we only need establish that
If L < N(log N) −2 , as we henceforth suppose, then d r 1 and so
Now, by the Cauchy-Schwarz inequality,
where we have used (2.2) and the large sieve inequality [20 
(log N) 4/3 this completes the proof in the quadratic case. Now we consider general irrational α, in which case we may be unable to locate a convergent denominator so close to one of the infinitely many M. We note that, for all large N , we must have
for any η > 0. We may take η = /10 and for each convergent a/q to α choose N as the largest integer with 2M(N) < q. The proof then follows similarly to above. We now deal with the modifications to the above argument necessary to establish Theorem 3. Choose a convergent a/q to α. We write δ = η/2 and put
These sets play the same roles as in the proof of Theorem 1. We can find n = a 1 a 2 with a j ∈ A j and
This will establish (1.12). By Lemma 1, we need only show that
The only major difference with our previous working is the introduction of a divisor function which necessitates using the well-known inequality
It is this which causes our log factor to be slightly worse than in the quadratic case of Theorem 1. One can use a slight variant of the above proofs to demonstrate the following. Proof. Suppose N = b without loss of generality. Let ca ≡ 1 (mod b). Consider the inequality
with n in C and
This gives n = ax + by with 1 x < 2KN 1/2 log 2 N . We just need to change the argument slightly in the proof of Theorem 3 to get n large enough so that y is positive, but n < DN 3/2 (log N) 2 for some D. This completes the proof of the theorem. 2
Similarly we can use Theorem 1 to deduce the following. 
Proof of Theorem 2
Given r 1, fix c > r and denote, for any n 2,
We will construct a number α and a sequence B satisfying the conditions from the theorem. Our construction will proceed in steps. At each step we construct a rational number, which is a new approximant to the continued fraction of a certain irrational number that will be our α, and a finite set of prime numbers. After we complete the construction, we will let α be the limit of this sequence of approximants, and we will let B be the union of these finite sets of primes. We now proceed with the actual construction. Let us assume that we have already constructed the first k − 1 approximants, call them
, and the first k − 1 finite sets of primes, denote them by B 1 , . . . , B k−1 . We assume that the sets B 1 , . . . , B k−1 are disjoint. We will construct a rational number a k q k and a finite set of primes B k , such that the sets B 1 , . . . , B k are disjoint. We also assume that for any j ∈ {1, 2, . . . , k − 1}, the integers a j and q j are positive and relatively prime, and that for any j ∈ {2, . . . , k − 1}, q j > q j −1 and a j q j −1 − a j −1 q j = (−1) j . We will choose the integers a k and q k in such a way that q k > q k−1 and a k q k−1 − a k−1 q k = (−1) k . This will imply in particular that a k and q k are relatively prime. We will choose a k and q k such that they satisfy additional constraints which will be made explicit later. Let us remark that once our construction is complete, the sequence (a k /q k ) k∈N is convergent, and, if we let
then we will have for any positive integer j that
, and a j q j is one of the convergents to the continued fraction of α. Let us now return to the actual construction of a k and q k . With a 1 , . . . , a k−1 , q 1 , . . . , q k−1 fixed, we look for large positive integers q, a such that aq k−1 − a k−1 q = (−1) k . We choose q such that Q/2 q Q where Q = Q k is a parameter, large in terms of q k−1 , to be chosen later. Then we will let q = q k and a = a k . For any q k−1 < Q/2 q Q consider the set
Note that for any n ∈ R q , one has n < 2qψ(q) 2Qψ(Q).
Let y k denote a positive parameter, to be chosen later. We will choose Q, q, a and y k in such a way that no element of R q is y k -smooth. Let L denote the number of y k -smooth numbers which are smaller than 2Qψ(Q). By a theorem of Hildebrand and Tenenbaum [19] ,
provided that log 2Qψ(Q) (log y k ) exp (log y k ) 
provided we have
Note that by using the asymptotic relation for ρ(u), one has
Combining the above inequalities, we have the following final set of conditions on y k and Q:
(1 − η) log(2Qψ(Q)) log q k−1 + 4c log log Q > log y k log log 2Qψ(Q) 5/3+δ .
Note that this holds true if we let Q and y k be defined by
and
Since there are at least 8(ψ(Q)) 2 L pairs (q, a) satisfying aq k−1 − a k−1 q = (−1) k and Q/2 q Q, we claim that at least one such pair (q, a) has the property that no element of R q is y k -smooth. Indeed, if no such pair exists, then choose for each pair (q, a) a y k -smooth number n q in R q . By the pigeonhole principle there will be a y k -smooth number n such that n = n q for at least 8(ψ(Q)) 2 of α. Next, we construct a finite set B k of prime numbers. For any n in R q k we take the largest prime divisor of n, denote it by p + (n), and let B k = {p + (n): n ∈ R q k }. Then define B k by the equality B k = B k \ j k−1 B j . By our construction we know that any element of B k is greater than y k .
This finishes the inductive step in the construction of the sequence of approximants ( a j q j ) j ∈N and of the set B = j 1 B j . By this construction, for each k, no element of R q k is B-free. Let us note for further use that since q k belongs to R q k , q k is not B-free, and consequently no multiple of q k is B-free. In order to finish the proof of the theorem it remains to show that the sum of inverses of elements from B is convergent, and that nα > (log n) r n ,
for all large enough B-free numbers n. We first show that
For, let us fix k and consider the sum
Clearly this sum is less than or equal to the sum of inverses of the first (1 + 2[ψ(q k )]) 2 primes coming after y k , since each element of B k is larger than y k , and the number of elements of B k is not larger than the number of elements in B k , which is bounded by the total number of elements n in R q k , and this number is (1 + 2[ψ(q)]) 2 
